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Consider a quadrilateral drawn in the plane labelled ABCD counter-clockwise. 
Partition this quadrilateral into smaller quadrilaterals by selecting an even number 
of points (or no points) on each of the sides and any number of points in the 
interior. The resultant map is a planar quadrungulation, that is ti planar map such 
that each face has valency 4 except possibly the outside face. (See [I]). Label the 
points on the side AB alternately A and B. Similarly label the points on the other 
three sides alternately B aod C, C and D, D and A. Now, label the interior points 
in any way such that no two adjacent points (perimeter or interior) have the same 
label. Call the resultant coloured quadrangulation Q. There are 24 possible 
labellings of the small quadrilaterals, six of which use all four labels. In Fig. 1, an 
example of a coloured quadrangulation Q is given. Note that there is a small 
quadrilateral labelled ABCD counterclockwise. 
The purpose of this note is to prove the following theorem. 
Theorem. The quadrangulation Q contains at least one small quadrilateral labelled 
ABCD counterclockwise. 
We first prove three lemmas. 
Lemma 1. For q a small quadrilateral of Q let S,,(q) denote the number of sides of 
q labelled AB minus the number of sides labelled BA when q is transversed in a 
counterclockwise direction. Then 
c &3(q) = 1 
q 
(1) 
where the summation is taken over all the small quadrilaterals of Q. 
Let e be an edge of Q with ends labelled A and B. Consider the contribution of 
e to the summation on the left hand side of (1). If e is on the perimeter, then it 
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belongs to exactly one small quadrilateral. Thus edge e is counted once positively 
if it is labelled AB when the perimeter polygon is transversed counterclockwise 
and once negatively if it is labelled BA. If e is an interior edge, then it be.longs to 
exactly two quadrilaterals and is counted positively by one and negatively by the 
other. Therefore an edge contributes to the sum if and only if it lies on the 
perimeter. Lemma 1 follows since the number of perimeter edges labelled AB is 
one greater than the number labelled BA when the perimeter polygen is trans- 
versed counterclockwise. 
Lemma 2. For any small quadrilateral q of Q 
if q is labelled ABCD or ABDC counterclockwise, 
JL,(q) = if q is labelled BACD or BADC counterclockwise, (2) 
Lemma 2 is easily verified. 
Lem 3. Let {+I!, X, Y, 2) = {A, B, C, Dl and let n( WXYZ) be the number of 
mall quadrilaterals of Q labelled WXYZ counterclockwise. Then 
n(ABCD)-n(ADCB)= 1. (3) 
It follows from Lemma 1 and Lemma 2 that 
n(ABCD)+n(ABDC)-n(BACD)-n(BADC)= 1. (4) 
By considering the edges labelled CD instead of the edges labelled AB we have 
the following analogous result 
n(ABCD)+n(BACI3)- n(ABDC)-n(BADCj= 1. (5) 
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Summing equations (4) and (5) and dividing by 2 yields 
n(ABCD)-n(BADC) = 1 
as asserted in the Lemma. 
The Theorem follows immediately from identity (3) of Lemma 3. 
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